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of the axis. Then if v denote the velocity of the fluid at distance
unity from the axis [which is equal to /2], and if we put

. !
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the polar equation of the path is
=““m | [ Y
r na e N Y E LR LY (&2)-

Hence the nearest approach to the axis attained by the globule
is np, and the whole change of direction which it experiences
i85 w{n'—1). The case of n'=23 13 represented in the
annexed diagram, copied from Tait and Steele’s book [§ 149 (15),
Species V.].
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10. VORTEX STATICS.

[From the Proceedings of the Boyal Svcisty of Edinburgh, Session 1875-76 ;
reprinted in Phi. Mag., Aug. 1880.]

THE subject of this paper is steady motion of vortices.

1. Extended definition of “steady motion.” The motion of
any system of solid, or flmid, or solid and fluid matter is said to be
steady when 1ts configuration remains equal and similar, and the
velocities of homologous particles equal, however the configuration
may move in space, and however distant individual material
patticles may at one time be from the points homologous to their
positions at another time,

2. Examples of steady and not steady motion :(—

(1) A ngid body symmetrical round an axis, set to rotate
round any axis through its centre of gravity, and left free, performs
steady motion. Not so a body having three unequal principal
moments of inertia.

(2) A ngid body of any shape, in an infinite homogeneous
hiquid, rotating uniformly round any, always the same, fixed line,
and moving uniformly parallel to this line, is a case of steady
motion. |

(3) A perforated rigid body in an infinite liquid moving in
the manner of example (2), and having cyclie irrotational motion
of the liquid through its perforations, is a case of steady motion,
To this case belongs the irrotational motion of liquid in the
neighbourhood of any rotationally moving portion of fluid of the
same shape as the solid, provided the distribution of the
rotational motion 18 such that the shape of the portion endowed
with it remains unchanged. The object of the present paper
18 to investigate general conditions for the fulfilment of this
proviso, and to investigate, further, the conditions of stability
of distributions of vortex motion satisfying the condition of
steadiness,

8—2
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3. General Synthetical Condition for Steadiness of Voriex
Motion. The change of the fluid’s molecular rotation at any
point fixed in space must be the same as if for the rotationally
moving portion of the fluid were substituted a solid, with the
amount and direction of axis of the flnid's actual molecnlar
rotation inscribed or marked at every point of it, and the whole
golid, carrying these inscriptions with it, were compelled to move
in some manner answering to the description of example (2). If
at any instant the distribution of any molecular rotation® through
the fiuid and corresponding distribution of fluid-velocity are such
as to fulfil this condition, it will be fulfilled through all time.

4, General Analytical Condition for Steadiness of Vortex
Motion. If, with (§ 24, below) vorticity and “impulse” given,
the kinetic emergy 18 & maximum or a minimum, it 18 obvious
that the motion is not only steady, but stable, If, with same
conditions, the energy is a maximuw-minimum, the motion is
clearly steady, but it may be either unstable or stable.

5. The simple circular Helmholtz ring is a case of sfable
steady motion, with energy maximum-minimum for given vorticity
and given impulse. A circular vortex ring, with an inner irro-
tational annular core, surrounded by a rotationally moving annular
shell (or endless tube), with irrotational cireulation outside all,
is a case of motion which is steady, if the outer and inner
contours of the section of the rotational shell are properly shaped,
but certainly unstable [if the shell be too thin]t., In this case
also the energy 18 maximum-mimmum for circular given vorticity
and given impulse,

6. In these examples of steady motion, the “resultant-
impulse” (V. M.{ § 8) is a simple impulsive force, without couple:
the corresponding rigid body of example (8) is a toroid; and
its motion is purely translational and parallel to the axis of the
toroid.

* One of Helmholtz’s now well-known fundamental theorems showe that, from
the molecular rotation at every point of an infinite fiuid, the velooily at every point
is determinnte, being expremsed gynthetically by the same formuls as those for
finding the “magnetic resultant foree' of a pure electromagnet, [Themeon’s
Reprint of Papers on Elecirostatics and Magnetism.)

t [The phrase in [ ] is deleted in a copy annolated by Lord Eelvin.}

+ My first series of papers on Yortex Motion in the Transactions of the Royal
Society of Edinburgh will be thua referred to heneeforth.

- may call the first+ steady mode of single
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We have also exceedingly interesting cases of steady motion
in which the impulse is such that, if applied to a rigid bedy, it
would be reducible, according to Poinsot’s method, to an impulsive
force in a determinate line, und & couple with this line for axis
To this category belong certain distributions of vorticity giving
longitudinal vibrations, with thickenings and thinnings of the
core travelling as waves in one direction or the other round a
vortex-ring, which will be inveatigated in a future communication
to the Royal Society. In all such cases the corresponding rignd
body of § 2 example (2) has both rotational and translational

motion.

7. Mo find iliustrations, suppose, first, the vorticity (defined
below, § 24) and the force resultant of the impulse to be
{according to the conditions explained below, § 29) such that the
cross section is small in comparison with the aperture. Take
a ring of flexible wire (a piece of block tin pipe® with its ends
soldered together answers well), bend it into an oval form, and
then give it a right-handed twist round the long axis of the oval,
so that the curve comes to be not in one plane (fig. 1). A
properly-shaped twisted ellipse of this
kind {a shape perfectly determimate
when the vorticity, the force resultant of
the impulse, and the rotational moment
of the impulse (V. M. § 6), are all given]
is the figure of the core in what we

and simple toroidal vortex motion with Flg. 1.

rotational moment. To illustrate the second steady mode, com-
mence with a circular ring of flexible wire, and pull it out, at
three points 120° from one another, so a8 to make it 1mto as 1t
were an equilateral triangle with rounded corners. Give now a
right-handed twist, round the radius to each corner, to the plane
of the curve at and near the corner; and, keeping the character
of the twist thus given to the wire, bend it into a certain deter-
minate shape proper for the data of the vortex motion. This is

* [++Bloek tin pipe” is subetituted here for * very stont lead wire.”)

t Firgt or greatest, and second, and third, and higher modes of steady motion
to be regarded as analogous to the first, second, third, and higher fundamental
modes of an elaetio vibrator, or of & stretched cord, or of steady undulatory motion
in an endlest nniform canal, or in an endless chain of mutnally repulsive links.
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the shape of the vortex-core in the second steady mode of single
and simple toroidal vortex motion with rotational moment. The
third is to be similarly arrived at, by twisting the corners of a
square having rounded corners; the fourth, by twisting the corners

of a regular pentagon having rounded corners; the fifth, by twisting
the corners of a hexagon, and so on.

In each of the annexed diagrams of toroidal helices a ecircle
is introduced to guide the judgment as to the relief above and
depression below the plane of the diagram which the curve repre-
sented in each case must be imagined to have. The circle may
be imagined in each case to be the circular axis of a toroidal core
on which the helix may be supposed to be wound.

To avord circumlecution, I have said “give a right-handed
twist” in each case. The result in each case, as in fig. 1, illns-
trates a vortex meotion for which the corresponding rigid body
describes left-handed helices, by all 4ts particles, round the central
axis of the motion. If now, instead of right-handed twists to the
plane of the oval, or the corners of the triangle, square, pentagon,
&c., we give left-handed twists, as in figs. 2, 3, 4, the result in
each case will be a vortex motion for which the corresponding

rigid body describes right-handed helices. It depends, of course,
on the relation between the directions of the foree resultant and
couple resultant of the impulse, with no ambiguity in any case,
whether the twists in the forms, and in the lines of motion of the
corresponding rigid body, will be right-handed or left-handed.

8. In each of these modes of motion the energy is a maxzimum-
minimum for given force resultant and given couple resultant of
impulee. The modes successively described above are successive
solutions of the maximum-minimnm problem of § 4—a determinate
problem with the multiple solutions indicated above, but no other
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solution, when the vorticity ia given in a single simple ring of the
liquid.
0. The problem of steady motion, for the case of a vortex-

line with infinitely thin core, bears a close analogy to the following
purely geometrical problem :—

Find the curve whose length shall be a minimum with given
resultant projectional area, and given resultant aresl moment
(§ 27 below). This would be identical with the vortex problem
if the energy of an infinitely thin vortex-ring of given volume
and given cyclic constant were s funetion eimply of its apertural
circnmference. The geometrical problem clearly has multiple
solutions answering precisely to the solutions of the vortex
problem.

10. The very high modes of solution are clearly very nearly
identical for the two problems (infinitely high modes identical),
and are found thus:—

Take the solution derived in the manmer explained sbove,

from a regular polygon of N sides, when N is a very great
number. It is obvious that either problem must lead to a form

of curve like that of a long regular spiral spring of the ordinary
kind bent round till its two ends meet, and then having its ends
properly cut and joined so as to give a continuouys endless helix
with axis a circle (instead of the ordinary straight line-axis), and
XN turns of the spiral round its circular axis. This curve I csll a
toroidal helix, because it lies on a toroid*, just as the common

* T call a cirounlar toroid a simpls ring generated by the revolution of any singly-
sireumferentisl closed plane ourve round any axis in its plane neé culting it. A
sigre,” following French nsage, is & ring generated by the revolution of a circle
round any line in its plane not cuiting it. Any simple ring, or sny solid with
n single hole through it, may be called a toroid; but fo deserve this appellation it
had better be not very unlike a tore.

The endloss closed axis of a toroid is & line through ite substeance passing some-
what approximately through the sentres of gravily of all its cross seclions. An
apertursl circumference of & toroid is any closed line in its surface once round its
aperture. An apertural section of atoroid ia any section by e plane or curved surface
which would ent the toroid into two separate foroids. If must ent the suriase of
the toroid in just two simple elosed ourves, one of them completely surrounding the
other on the seotionsal surface: of course it is the space between these curves which
is the sctual peotion of the toroidal substance; and the area of the inner one of
the two is a seotion of the aperture.

A section by any surface cutting every aperiural cireumference, each once and
only onee, is oalled & cross section of the torold. It consista essentially of a sgimple
closed enrve.
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regular helix lies on & circular cylinder, Iet ¢ be the radius of

the circle thus formed by the axis of the closed helix; let » denote

the radius of the cross section of the ideal toroid on the surface

of which the helix lies, supposed small in comparison with ; and
let & denote the inclination of the helix to the normal section of
the toroid. We have |

tan £ — 27ra i 2

N.2mr  Nr'
because 2wa/N is, a3 it were, the step of the screw, and 27+ is

the circumference of the cylindrical core on which any short part
of it may be approximately supposed to be wound.

Let x be the cyclic constant, 7 the given force resultant of the
impulse, and u the given rotational moment. We have (§ 28)

approximately , ﬂ e
- XTI y F = N L.

I p
H — re— =
tan 8 = Ii .
Nuxtnt .

11. Suppose now, instead of & single thread wound spirally
round a toroidal core, we have two separate threads forming, as it
were, & “ two-threaded screw,” and let each thread make a whole
number of turns round the toroidal core. The two threads, each
endless, will be two helically tortuous rings linked together, and
will constitute the core of what will now be a double vortex-ring.
The formulm just now obtained for a single thread would be
applicable to each thread, if « denoted the cyelic constant for the
circuit round the two threads, or twice the eyclic constant for
either, and N the number of turns of either slone round the toroidal
core, But it is more convenient to take N for the number of
turns of both threads (so that the number of turns of one thread
alone i8 3X), and » the cyclic constant for either thread alene,
and thus for very high steady modes of the double vortex-ring,

I=2x¢ma®,  p=xNmria,
nda [ GDE
N p.m* at

Lower and lower steady modes will correspond to smaller and
smaller values of ¥ ; but in this case, as in the case of the single

- — m—————

—_— . - — —r—r—
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vortex-core, the form will be a corve of some ultra-transcendent
character, except for very great values of XN, or for values of &
infinitely nearly equal to a right angle (this latfer limitation
leading to the case of infinitely small transverse vibrations).

12, The gravest steady mode of the double vortex-ring cor-
responds to N =2. This with the single vortex-core gives the
case of the twisted ellipse (§ 7). With
the double core 1t gives a system which is
most easily understood by taking two plane
circular rings of stiff metal linked together,
First, place them as nearly coincident as
their being linked together permits (fig. 5).
Then separate them a little, and incline
their planes a little, as shown in the diagram. Then bend each
into an unknown shape, determined by the strict solution of the
transcendental problem of analysis to which the hydro-kinetic
investigation leads for this case.

13. Go back now to the supposition of § 11, and alter it to
this :— |
Let each thread make one turn and a half, or any odd number

of half turns, round the toroidal core: thus each thread will have
an end coincident with an end of the other., Let these coincident

ends be united. 'Thus there will be but one endless thread making
an odd namber N of turns round the toroidal core. The cases
of N =238 and N =9 are represented in the annexed diagrams (figs.
8 and 9)*.

Imagine now a three-threaded toroidal helix, and let N denote
the whole number of turna round the toroidal core; we have

I=8«ma®, pu=xNwria,

Gt
tan 8 = Fuchnd

Suppese now N to be divisible by 3; then the three threads
form three separate endless rings linked together. The case of
N=§ is illustrated by the annexed diagram (fig. 6), which is
repeated from the diagram of V. M.§ 58, If N be not divistble

* The first of these was given in § 58 of my paper on Vortex Motion, It Lies
since become known far and wide by being seen on the back of the <“Unseen
Tuiverse.”

Fig. 5.
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by 8, the three threads run together into one, as illustrated for the
case of N == 14 in the annexed diagram (fig. 7).

Fig. 8. “ Trefoil Knot.”

14. The irrotational motion of the liquid round the rotational
cores in all these cases is such that the fluid-velocity at any
peint i3 equal to, and in the same direction as, the resultant
magnetic force at the corresponding point in the neighbourhood
of a closed galvanic circuit, or galvanic circuits, of the same shape
as the core or cores. The setting-forth of this analogy to people
familiar, as modern naturalists are, with the distribution of
magnetic force in the neighbourhood of an electrie circuit, does
much to promote a clear understanding of the satill somewhat
strange fluid-motions with which we are at present occupied.

15. To understand the motion of the liquid in the rotational
core itself, take a piece of Indisn-rubber gas-pipe stiffened
mternally with wire in the usual manner, and with it construct
any of the forms with which we have been
occupied, for instance the symmetrical tre-
foil knot (fig. 8, § 13), uniting the two
ends of the tube carefully, by tying them
firmly, by an inch or two of straight cylin-
drical plug; then turn the tube round
and round, round its sinuous axia. The
rotational motion of the fluid vortex-core
18 thus represented. But it must be
remembered that the outer form of the
core has a motion perpendicular to the plane of the diagram,
and & rotation round an axis through the centre of the diagram
and perpendicular to the plane, in each of the cases represented
by the preceding diagrams. The whole motion of the fluid,
rotational and irrotational, is so related in ite different parts to

¥ig. 9. “Nine-leaved Enot,”
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one another, and to the translational and rotational motion of the
shape of the core, as to be everywhere slipleas,

18. Look to the preceding diagrams, and, thinking of what
they represent, it is easy to see that there muast be a determinate
particular shape for each of them which will give steady motion ;
and I think we may confidently judge that the motion is stable
in each, provided only the core is sufficiently thin. It is more
easy to judge of the cases in which there are multiple sinuosities
by a synthetic view of them (§ 3) than by consideration of the
maximum-minimum problem of § 8.

17, It seems probable that the two- or three- or multaple-
threaded toroidal helix motions cannot be stable, or even steady,
unless I, 4, and N are such as to make the shortest distances
between different positions of the core or cores considerable in
comparison with the core’s diameter. Consider, for example, the
simplest case (§ 12, fig. 5) of two simple rings linked together.

18. Go back now to the simple circular Helmholtz ring. It
is clear that there must be a shape of absolute maximum energy
for given vorticity and given impulse, if we introduce the
restriction that the figure 18 to be a fignre of revolution—that is
to say, symmetrical round a straight axia. If the given vorticity
be given in this determinate shape, the motion will be steady;
and there is no other figure of revolution for which it would be
steady (3t bemg understood that the impulse has a single force
resultant without couple). If the given impnulse, divided by the
cyclic constant, be very great in comparison with the two-thirds
power of the volume of liquid in which the vorticity is given, the
figure of steadiness is an exceedingly thin circular ring of large
apertire and of approximately circular cross section. This is the
case to which chiefly attention is directed by Helmholtz. If, on
the other hand, the impulse divided by the eyclic constant be
very small compared with the two-thirds power of the volume,
the figure becomes like a long oval bored through along its axis
of revolntion and with the ends of the bore rounded off (or
trumpeted) symmetrically, 80 as to give a figure something like
the handle of a child’s skipping-rope, but symmetrical on the two
sides of the plane through its middle perpendicular to ita length.
It is certain that, however small the impulse, with given vorticity
the figure of steadiness thus indicated is possible, however long in
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the direction of the axis and small in diameter perpendieular to
the axis and in aperture it may be. I cannot, however, say at
present that it 1s certain that this possible steady motion is stable;
for there are figures not of revolution, deviating infinitely little
from it, in which, with the same vorticity, there is the same
impulse and the same energy, and consideration of the general
character of the motion is not reassuring on the point of stability
when rigorous demonstration is wanting®.

19. Hitherto I have not indeed succeeded in rigorously
demonstrating the stability of the Helmholtz ring in any case.
With given vorticity, imagine the ring to be thicker in one place
than in another. Imagine the given vorticity, instead of being
distributed in a symmetrical circular ring, to be distributed in a
ring still with a circular axis, but thinner in one part than in the
rest. It 1s clear that, with the same vorticity and the same
impulse, the energy with such a distribution is greater than when
the ring is symmetrical. But now let the figure of the cross
section of the ring, instead of being approximately circular, be
made coneiderably oval, This will diminish the energy with the
same vorticity and the same impulse. Thus from the figure of
steadiness we may pass continnously to others with same vorticity,
same impulse, and same energy. Thus, we see that the figure
of steadiness 1s, as stated above, a figure of maximum-minimum,
and not of absolute maximum, nor of absolute minimum energy.
Hence, from the maximum-minimum problem. we cannot derive
proof of stability.

20. The known phenomens of steam-rings and smoke-rings
show us enough of, as it were, the natural history of the subject
to convince us beforehand that the steady configuration, with
ordinary propertions of diameters of core to diameter of aperture,
18 stable; and considerations connected with what is rigorously
demonstrable m respect to stability of vortex columns (to be given
in o later communication to-the Royal Society) may lead to a
rigorous demonstration of stability for & simple Helmholtz ring,
if of thm-enough core in proportion to diameter of aperture. But
at present nerther natural history nor mathematics gives us perfect
assurance of stability when the cross section is considerable in
proportion to the area of aperture,

* [Prove steady, W. T., May 10, 1887, ]
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21, I conclude with a brief statement of general propositions,
defimtions, and principles used in the preceding abstract, of which
some appeared in my series of papers on vortex motion communi-
cated to the Royal Society of Edinburgh in 1867, -68 and -69,
and published in the Transactions for 1869. The rest will form
part of the subject of a continuation of that paper, which I hope
to communicate to the Royal Society before the end of the present
session,

Any portion of a liquid having vortex motion is called vortse-
core, or, for brevity, simply “core.” Any finite portion of liquid
which is all vortex-core, and has contiguous with it over its whole
boundary irrotationally moving liquid, is called ¢ vortez. A vortex
thus defined 1s essentially a ring of matter. That it must be so
was first discovered and published by Helmholtz. Sometimes the
word wvorter 18 extended to include irrotationally moving liquid
circulating round or moving in the neighbourhood of vortex-core;
but as different portions of liquid may suceessively come into the
neighbourhood of the core, and pass away again, while the core
always remains essentially of the same substance, it i3 more proper
to limit the substantive term a vortex as in the definition I have
given,

22. Definttion I. The circulation of a vortex is the circu-
lation [V. M. § 60 (a)] 1n any endless cirenit once round its core,
Whatever veried configurations a vortex may take, whether on
account of its own unsteadness (§ 1 above), or on account of
disturbances by other vortices, or by solids immersed in the
liquid, or by the solid boundary of the liguid {if the liquid is not
infinite), its *circulation” remains unchanged [V, M, § 59, Prop. (1)].
The circulation of a vortex is sometimes called its eyclic constant.

- ﬁaﬁniﬁm II. Anaxial line through a flnid moving rotationally,
18 & lime (straight or curved) whose direction at every point
colncides with the axis of molecular rotation through that point
[V. M. § 59 (2)]

Every axial line in a vortex is essentially & closed curve, [being
of course wholly without a vortex]*,

23. Definitton III. A closed section of a vortex is any
section of its core cutting normally the axial lines through every

* [Phrase in [ ] delated by Lord Kelvin.]
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point of it, Divide any closed section of & vortex into smaller
areas; the axial lines through the borders of these areas form
what are called vortex-tubes. I shall call (after Helmholtz) &
vortex-filament any portion of a vortex bounded by a vortex-
tube (not necessarily infinitesimal). Of course a complete vortex
may be called therefore a vortex-filament; but it is generally
conventent to apply this term only to a part of a vortex as just
now defined. The boundary of a complete vortex satisfies the
definition of a vortex-tube,

A complete vortex-tube is essentially endless. In a vortex-
filament infinitely small in all diameters of cross sections “rotation”
varies [V. M. § 60 (¢)] from point to point of the length of the
filament, and from time to time, inversely as the area of the cross
gection. The product of the area of the cross section into the
rotation is equal to the circulation or eyclic constant of the
filament.

24, Vorticity will be used to designate in a general way the
distribution of molecular rotation in the matter of a vortex.
Thus, if we imagine a vortex divided into a number of infinitely
thin vortex-filamentas, the vorticity will be completely given when
the volume of each filament and its circulation, or eyelic constant,
are given; but the shapes and positions of the filaments must
also be given, in order that not only the vorticity, but its dis-
tribution, can be regarded as given,

25. The vortex-density at any point of a vortex is the cir-
culation of an infinitesimal filament through this point, divided
by the volume of the complete filament, The vortex-density
remains always unchanged for the same portion of fluid, By
definition it iz the same all along any one vortex-filament.

26. Divide a vortex into infinitesimal filaments inversely as
their densities, so that their circulations are equal; and let the
circulation of each be 1/n of unity. Take the projection of all
the filaments on ope plane. 1/n of the sum of the areas of these
projections is (V, M. § 6, 62) equal to the component impulse
of the vortex perpendicular to that plane. Take the projections
of the filaments on three planes at right angles to one another,
and find the centre of gravity of the areas of these three sets of
projections. Find, according to Poinsot’s method, the resultant
axis, force, and counple of the three forces equal respectively to
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1/n of the sums of the areas, and acting in lines throngh the three
centres of gravity perpendicular to the three planes. This will be
the resultant axis, the force resnltant of the impulse, and the

.couple resultant of the vortex.

The last; of these (that ia to say, the couple) is also called the
rotational moment of the vortex (V. M. § 6).

27. Definstion IV. The moment of a plane area round any
axis is the product of the area multiplied into the distance from
that axis of the perpendicular to its plane through its centre of
gravity.

Definitson V. The area of the projection of & closed curve on
the plane for which the area of projection is & maximum will be
called the area of projection of the curve, or simply the area of
the curve. The area of the projection on any plane perpendicular
to the plane of the resultant area is of course zero.

Definttion VI. The resultant axis of a closed curve is a line
through the centre of gravity, and perpendicular to the plane of
its resnltant area. The resultant areal moment of a closed curve
is the moment round the resultant axis of the areas of its pro-
jections on two planes at right angles to one another, and parallel
to this axis. It is understood, of course, that the areas of the
projections on these two planes are not evanescent generally,
except for the case of a plane curve, and that their zero-valnes
are generally the sums of equal positive and negative portions.
Thus their moments are not in general zero.

Thus, according to these definitions, the resultant impulse
of a vortex-filament of infinitely samall cross section and of mms
circulation is equa! to the resnltant area of its curva. The
resultant axis of a vortex is the same as the resultant axis of the
curve; and the rotational moment is equal to the resultant areal
moment of the curve.

28, Consider for a moment a vortex-filament in an infinite
liquid with no disturbing infiuence of other vortices, or of solids
immersed in the liquid. We now see, from the constancy of the
impulse (proved generally in V. M. § 19), that the resultant area,
and the resultant areal moment of the curve formed by the
filament, remain constant however its curve may become con-
torted; and its resultant axis remains the same line in space.
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Hence, whatever motions and contortions the vortex-filament may
experience, if it has any motion of translation through space this
motion must be on the average along the resultant axis,

29. Consider now the actual vortex made up of an infinite
number of infimtely small vortex-filaments. If these be of volumes
inversely proportional to their vortex-densities (§ 25), so that their
circulations are equal, we now see from the constancy of the
impulse that the sum of the resultant areas of all the vortex-
filaments remains conatant; and so does the sum of their rotational
moments: and the resultant areal axis of them all regarded as one
system 18 a fixed hne in space. Hence, as in the case of a vortex-
filament, the translation, if any, through space is on the average
along its resultant axis. All this, of course, is on the supposition
that there is no other vortex, and no solid immersed in the liquid,
and no bounding surface of the liquid, near enough to produce any
sensible influence on the given vortex.

L
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11. ON THE PrECEsSIONAL MoTioN OF A Liquip
[LiQuip GYROSTATS].

[From Nature, Vol. xv. 1877, pp. 207-8; Communicated to Section A
of the British Association at (lasgow, September 7, 1876]

THE formulas expressing this motion were laid before the
meeting and briefly explained, but the analytical treatment of
them was reserved for a more mathematical paper to be com-
municated to the Section on Saturday. The chief object of the
present communication was to illustrate experimentally & con-
clusion from this theory which had been announced by the author
in his opening address to the Section®, to the effect that, if the
period of the precession of an oblate spheroidal rigid shell full of
liquid is a much greater multiple of the rotational period of the
liquid than any diameter of the spheroid is of the difference
between the greatest and least diameters, the precessional effect
of a given couple acting on the shell is approximately the same
as if the whole were a solid rotating with the same rotational
velocity. The experiment consisted in showing a liquid gyrostat,
in which an oblate spheroid of thin sheet copper filled with water
was subetituted for the solid fiy-wheel of the ordinary gyrostat.
In the instrument actually exhibited, the equatorial diameter of
the liquid shell exceeded the polar axis by about one-tenth of
either.

Supposing the rotational speed to be thirty turns per second,
the effect of any motive which, if acting on a rotating solid of the
same mass and dimensions, would produce a precession having its
period a considerable multiple of } of a second, must, according to
the theory, produce very approximately the same precession in
the thin shell filled with liquid as in the rotating solid. Aeccord-
ingly the main precessional phenomena of the liquid gyrostat
were not noticeably different from those of ordinary solid gyrostats

* Popular Lectures and Addresses (Macmillan), vol. 1. pp. 258-2714.
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